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Abstract. Let X be a smooth complex projective algebraic variety. Let 9 be a G- 
banded gerbe with G a finite abelian group. We prove an exact formula expressing 
genus g orbifold Gromov-Witten invariants of 9 in terms of those of X. 
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1. Introduction 

This paper is a sequel to our paper [8]. Our goal is to study the Gromov-Witten 
theory of etale abelian banded gerbes over varieties. Let X be a smooth projective 
variety over C and let G be a finite abelian group (viewed as a constant group scheme 
over X). Let e : S — >• -'^ be a G-banded gerbe over X. As explained in [8] our study 
of Gromov-Witten theory of S is motivated by the so-called decomposition conjecture 
in physics [23]. In the case of a banded gerbe S ^ X the decomposition conjecture 
states that the Gromov-Witten theory of S is equivalent to the Gromov-Witten theory 
of the disjoint union of |G| copies of X, where |G| denotes the number of irreducible 
representations of G. See |37| for more discussions on the mathematical aspects of the 
decomposition conjecture. 

In we proved this conjecture for genus Gromov-Witten theory of 9- Our ap- 
proach consists of two steps. First, we studied the natural morphisrcQp : ^o,ni9,P) 
Mo,n(^5/9) between the moduli spaces of stable maps to S and to X. We showed that 
this morphism can be factored as %o,n{9,(3) Pn ^ Mo,n(X, where 3Co,n(S,/3) — )■ 
Pn is a G-gerbe and P„ — t- Mo,n(^5/5) is obtained as a base-change of a functorial 
construction a la Matsuki-Olsson [28] applied to the stack 9Jto,n of genus prestable 
pointed curve^. Such a construction produces a stack over 9Jto,n which can be identified 
with an open substack of the stack of twisted curves 9?Ton- This result allows us to 
compare the push-forward p*[3(^o,n(S, of the virtual fundamental class with the 
virtual fundamental class [MQ^n{X, (5)]^^^ . This in turn gives a comparison of genus 
Gromov-Witten invariants of S and X. In the second step we use some standard finite 
group theory to interpret our comparison result as a statement in agreement with the 
decomposition conjecture. 

In this paper we study the higher genus Gromov-Witten invariants of 9 following a 
similar strategy. Again we begin with studying the natural morphism 

between moduli spaces of stable maps. We first show that p can be similarly factored as 

where Pg^n is an open substack of SJIg*^ ^-THg.n ^ g,n{X, (i). Even though, unlike in the 
genus case, 3Cg^n(9, /?) Pg,n is not as simple as the structure morphism of a gerbe, we 
show that it is etale (see Proposition I5.ip . It turns out that this property together with 
the properties of Pg^n Mg^n{X, 13) are sufficient to prove a comparison result between 
classes p*[Xg^n{9, P)]""^^ and [Mg_„(X, /3)]''*^, see Theorem 16.81 Using this we then draw 
conclusions on higher genus Gromov-Witten invariants by the method identical to the 
genus case, see Theorem 17.31 

Conventions. Unless otherwise mentioned, we work over C throughout this paper. By 
an algebraic stack we mean an algebraic stack over C in the sense of |9]. By a Deligne- 
Mumford stack we mean an algebraic stack over C in the sense of |16| . We assume 



This natural morphism is obtained by composing stable maps to S with the map oj : S — X and 
taking the relative coarse moduli space morphism. 

Given an algebraic stack X endowed with a locally free log structure the construction associates 
to it an algebraic stack X defined as the category fibered in groupoids whose objects are morphisms to 
/ : T — >■ X and simple morphisms of locally free log structures /*M — >■ M'. 
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moreover that all stacks (and schemes) are locally noetherian and locally of finite type. 
Following [21], logarithmic structures are considered on the etale site of schemes. For 
the extension of logarithmic structures to stacks, see (31]. Given a scheme (or a stack) 
X, a geometric point x of X, and an etale sheaf of sets 3" on X, according to the 
standard notation we denote by 3V the stalk of 3" at x in the etale topology. A gerbe is 
an algebraic stack as in [271 Definition 3.15]. 

The main results in this paper are valid for banded G-gerbes over X with G a finite 
abelian group. For the sake of simplicity, in the main text we assume G = /.t,. C C* is 
the cyclic group of r-th roots of unity. The case of general G requires only notational 
changes. In genus this is spelled out in [HI Appendix A]. The higher genus case is 
similar and is left to the readers. 

Acknowledgments. We thank D. Abramovich, A. Bayer, K. Behrend, B. Fantechi, 
P. Johnson, A. Kresch, F. Nironi, E. Sharpe, Y. Ruan and A. Vistoli for valuable 
discussions. H.-H. T. is grateful to T. Coates, A. Corti, H. Iritani, and X. Tang for 
related collaborations. H.-H. T. is supported in part by NSF grant DMS-1047777. 

2. OrBIFOLD GrOMOV-WiTTEN THEORY 

In this section we recall some basic set-up and well known facts about orbifold 
Gromov-Witten theory that we will constantly use in what follows. 

2.1. Twisted stable maps. We recall the definition of twisted curve here, see [2], [3], 
[6] for more details. 

Definition 2.1 ([6], Definition 4.1.2). A twisted nodal n-pointed curve over a scheme 
S is a morphism C — )• S" together with n closed substacks cJi C C such that 

• Q is a tame Deligne-Mumford stack, proper over S, and etale locally is a nodal 
curve over S; 

• (7j C C are disjoint closed substacks in the smooth locus of Q ^ S; 

• (Tj — >• S" are etale gerbes; 

• the map Q ^ C to the coarse moduli space C is an isomorphism away from 
marked points and nodes. 

By definition the genus of a twisted curve C — t- S" is the genus of its coarse moduli 
space G ^ S. 

Throughout this paper we will always assume that twisted curves are balanced, i.e. at 
any twisted node, the local group acts on the two branches by opposite characters. 

For more details on twisted curves that we will need in this paper we refer to [8], 
where the reader will find an introduction to the equivalence between twisted curves 
and log twisted curves introduced in |33j . 

Let S be a noetherian scheme and let X/S be a proper Deligne-Mumford stack over S 
with projective coarse moduli space X ^ S. We fix an ample invertible sheaf Ox(l) over 
X. Let IKg^n(X, /3) be the fibered category over S which to any 5-scheme T associates 
the groupoid of the following data: 

• A twisted n-pointed curve (C/T, {crj}) over T; 
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• A representable morphism / : C — )• X such that the mduced morphism / : C — )• X 
between coarse moduH spaces is an n-pointed stable map of degree /3 G Z) 



According to [HI Theorem 1.4.1], the fibered category 3Cg^„(X,/3) is a Deligne-Mumford 
stack proper over 5. As discussed in [3], there exists evaluation maps: 



taking values in the rigidified inertia stack of X. This map is obtained as follows. 
The rigidified inertia stack /(X) may be defined as the stack of cyclotomic gerbes in X, 
i.e. representable morphisms from cyclotomic gerbes to X. The evaluation map evi is 
defined by associating to a twisted stable map / : (C/T, {uj}) — )• X its restriction to the 
i-th. marked gerbe, 



which is an object of /(X). The rigidified inertia stack /(X) has an alternative descrip- 
tion. Define the inertia stack of X to be the fiber product over the diagonal: 



By definition, objects of /X are pairs (x, g) where x is an object of X and g is an element 
of the automorphism group of x. The rigidified inertia stack /(X) is obtained from /X 
by applying the rigidification procedure ([l], [4]). More details can be found in e.g. [3]. 

2.2. Virtual Fundamental Class. Let X be a smooth proper DM stack with pro- 
jective coarse moduli space. Let X be a smooth projective variety. In general both 
3^p,n(X, /3) and Mg^„(X, /3) are neither smooth nor of pure dimension. Therefore they 
do not generally admit a fundamental cycle. In [11] the virtual fundamental class is 
introduced, which replaces the usual fundamental cycle. In order to construct it, an 
obstruction theory is needed. 

Condition (f): We say that an object L' of D{Ox^t) satisfies Condition (f) if 

(1) hi{L') = for all i > 0, 

(2) hi{L*) is coherent, for i = 0, 1. 

Definition 2.2. An obstruction theory is a morphism in D{X) (p : E* ^ L* where 
E* G (Oxet) satisfies Condition (\) and is IHusie's cotangent complex (for extension 
to DM stacks see |27] and to Artin stacks |32] ). The morphism (p has to satisfy the 
following conditions: 

(1) (fP : h^{E*) —7- /i'^(L*) is an isomorphism; 

(2) (j)^ : h^{E*) h^{L*j) is surjective; 

where /i* denotes the i-th complex cohomology and is the morphism induced by <p on 
cohomology sheaves. 

Definition 2.3. An obstruction theory as in Defiinition \2.<i\ is called perfect if E* is 
locally quasi-isomorphic to a complex of vector bundles. It is called of perfect amplitude 
contained in [—1, 0] if it is locally quasi-isomorphic to a complex of vector bundles — )• 



(i.e. MC] = (3). 



evi : 3Cg.„(X,/3) — t- /(X), 1 < i < n 




IX :— X xxxgX ^• 



There is also a notion of relative obstruction theory for a morphism X — )• 2) form a 
DM stack to a smooth Artin stack of pure dimension. The definition is analogous to 
Definition 12.21 except that the absolute tangent complex LJ- is replaced by the relative 
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cotangent complex -^^'/g- Given any separated DM stack X endowed with a perfect 
obstruction theory it is possible to associate to it a cycle in A^:(X)q of the expected 
dimension called the virtual fundamental class. Such a cycle can be seen more conve- 
niently as a bivariant class in A*{X — )• S") ~ 5 = SpecC. Analogously, in the 
relative case we get a class in — > 2)) ~ Aq(X) (see [171 Ch. 17] for the theory 
of bivariant classes). The construction works as follows. Let us observe first that any 
DM type morphism of Artin stacks f : X — ?• 2) defines a cone stack C^/s) called intrinsic 
relative normal cone. For any such a morphism one can find a diagram as follows |22] 

(1) 




where the upper row is a closed immersion, the arrow on the left is etale and the arrow 
on the right is smooth. This is called in [TT] a local embedding. Such a diagram defines 
a cone stack [Cif/j[.f/TM/<X)] which is shown to be in fact independent on the chosen local 
embedding of X. Moreover, the cone stacks constructed locally glue to yield a global 
cone stack. 

Definition 2.4. The intrinsic relative normal cone unique cone stack such 

that (tx/^s\u - [Cu/m/Tm/^]. 

Let X —7- 2) be a morphism from a DM stack to a smooth Artin stack of pure dimen- 
sion. Let E* be a perfect obstruction theory of amplitude contained in [—1,0] for X 
relative to 2). Let E, := (E'^i)*, where the subscript fi denotes the derived pullback to 
the big fppf site. The quasi-isomorphism class of such an obstruction theory determines 
a Picard stack /h'^{{E'iY) ~ [Ei/Eq] (the stack theoretic quotient). Note that if 
E* admits a global resolution, namely it is globally isomorphic to a complex of vector 
bundles — t- F^ , then the associated Picard stack is simply [i^'i/Fo]- The conditions 
in Definition 12 . 21 ensure that there is a closed embedding ^x/si ^ [Ei/ Eq\. If E* admits 
a global resolution by puUing-back (^x/S) along Fi — )• [Fi/Fq] we get a closed substack 
C ^ F\. The virtual fundamental class is obtained as the intersection of C with the 
zero section of -FiH 

The stacks 3Cg^„(3C, /3) and M g^n{X, (3) admit perfect obstruction theories of ampli- 
tude contained in [—1,0] relative to OJtg'^ and 5[Rg,n- In [lO] it is shown that a perfect 
obstruction theory relative to SOT^^n for M g^ri{X, j3) is given by 

E* := RTT^{f*nx 'S)UJ^) -^^Mg_„(X,/3)/S!ns,„' 

where 



Mg,n(.X,f3) 



In [22] intersection theory for Artin stacks was developed. Using such a theory it is possible to 
intersect £.t/2) with the zero section of [Ei/Eq] without needing to assume that the obstruction theory 
admits a global resolution. 
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is the universal stable map. Consider the universal twisted stable map to the gerbe S: 



3^3,n(S,/3). 

According to [H] the moduli stack Xg^„(S, /?) has a perfect obstruction theory E* relative 
to OJt*'^ analogously constructed: 

E* := i27r*(/*ilg u^) i3C3,„(g,/3)/OT*';"„- 

The complex E* turns out to be quasi-isomorphic to the pullback of E* as an object in 
2?Coh(3C,,n(g,/3)). 

2.3. Gromov-Witten invariants and Descendant Potential. In this paper we will 
work with cohomological GW-invariants. For us [IKg^„(X, and [M^ /3)]™^ will 
be classes in i?*(3<]g^„,(X, 13), Q) and in H^,{M g^ni^-, Q)- Let 71, .., 7n be homogeneous 
elements in H*{IX, Q). Then n-points genus g orbifold GW-invariants are definecfl as 

„ n 

(2) (7i,..,7n>J,;3= / n^<(^^)- 

The vector space H* {IX, Q) can be made into a graded vector space in the following 
way: 

(3) H*{IX,q) = ®nH^-^3ein)^^^f^^^ 

where the direct sum is over the connected components il. Q IX and age{—) is a locally 
constant function on the inertia stack defined in [3l Definition 7.1.1]. The genus g 
descendant potential is defined as follows. Let £1, ..,£n be the tautological line bundles 
over 3Cg^„(g,/3), defined as the line bundles whose fiber at a point is the cotangent 
space of the corresponding coarse moduli space curve. For any i = l,..,n let ipi = 
ci{Li). Note that with this definition the classes tpi are a pullback of the analogous 
classes in i7=,(Mg,„(X,/3),Q). Let oi\, ..,Oirn be an additive basis of iif*(X, Q). Let tij, 
i = l,..,m, J > be supercommuting variables such that deg tij = deg Oj. We put 

7 ~ 'YlT=o YllLi ^ij'^j'^i^ where TjOi is defined as Oiipi where * = A; if TjOi is inserted at 
the k-ih. place in Q . Then the genus g descendant potential is the series with coefficients 
in C[[ijj]] defined as follows 

(4) E E E ^n*^...(n«^.^f)x,/.- 



n! 



■n>0 0&H+(X,Z) li-'ir' k=l k=l 



The genus g descendant potential is an exponential generating function for genus g 
descendant orbifold Gromov-Witten invariants. 



^Here we ignore the subtlety involving IX and its rigidification. 
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3. Twisted curves 
In this section we present a few facts about prestable curves and twisted curves. 

3.1. The Picard group of prestable curves. Let C be a genus g smooth curve. Let 
PicC*^ denote the subgroup of degree hne bundles. The extension 

(5) 1 ^ Pic C° ^ Pic C ^ Z ^ 1 

is a semidirect product. Moreover Pic'^ C is a divisible group and for any r E N the 
kernel of the multiplication by r is a subgroup of rank r^S' [30]. Therefore, for any line 
bundle L S PicC such that deg L is multiple of r, there are r^^ line bundles N G PicC 
such that N'^^' ~ L. If C is prestable, which means that it only admits ordinary double 
points as singularities, then Pic*^ C is a semi-abelian variety (see e.g. [26]) as described 
in the following Lemma. 

Lemma 3.1. Let C be a genus g nodal prestable curve. Then there is an exact sequence 

(6) 1 ^ T ^ Pic C ^ Pic C 1, 

where T is an algebraic torus and denotes the normalization of C. Therefore PicC 
is a semi-abelian variety. 

Remark 3.2. The algebraic torus T in the Lemma above is isomorphic to G^^ where 
s is the number of double points. It can be thought of as parametrizing descent data 
for line bundles. Indeed it is a well known fact (see e.g. [2Q]j that the category of 
line bundles over C is equivalent to the category of line bundles over endowed with 
an identification of the fibers over the preimages of the nodes. Isomorphisms of 1- 
dimensional k-vector spaces are given by Gm,k- 

In the following it will be convenient to make use of dual graphs (introduced in |12j . 
Definition 1.1 and Definition 1.5). Given a prestable curve the associated dual graph 
encodes its topological type. 

Definition 3.3. A graph t is a quadruple {FrjVr, jrjdr), where and Vr are finite 
sets, dr '■ Ft ^ Vr is a map and jr : Fr ^ Fr an involution. We call F^ the set of 
fl,ags,Vr the set of vertices, Sr = {fFrljrf = /} the set of tails and Er = {{/i,/2} C 
F-rlfi = jV/i} ths set of edges of t. For v £ Vr let Fr{v) = dr{v) and \v\ = ^Fr{v), the 
valence of v. 

Definition 3.4. A modular graph is a graph r endowed with a map gr : Vr ^ Z>0)' 
V I—)- g{v). The number g[v) is called the genus of v. 

Notation 3.5. Let t be a modular graph. We denote by 6i(t) the first Betti number of 
T defined as bi{T) = \ — \ Vr \ + \Er\ 

The following lemma characterizes the torsion subgroups of the Picard group of a 
prestable curve. 

Lemma 3.6. Let C be a nodal prestable curve of dual graph r. Let r G N. Let Pic C[r] 
be the r-torsion part of the Picard group. Then 

(7) |PicC[r]| = 25(T)-6i(r), 

where 6i(r) = 1 — #VV + fj^Er is the first Betti number of the graph t. 
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3.2. The Picard group of twisted curves. As for ordinary prestable curves in order 
to describe the Picard group of a twisted curve along with its torsion subgroups we will 
make use of dual graphs encoding the topological type of the curve and the isotropy 
groups of its special points. In [7j we introduced gerby modular graphs generalizing 
Definition 13.41 They will allows us to suitably label strata and irreducible components 
of stacks parametrizing twisted curves and twisted stable maps and will make much 
easier our notation in Section [6.21 

Notation 3.7. Let 13 be a finite set and o:L5— )-N, a:?J— )-Q two set maps. 

The following example is important. 

Example 3.8. Let X be a smooth proper Deligne-Mumford stack. A triple (?J,o,a) is 
obtained as follows. Let 13 = 13{X) be the set of connected components of the rigidified 
cyclotomic inertia stack of X. Let o be the set map U{X) — t- N taking U G U{X) to the 
integer r such that U C L^^{X). Let a : 13{X) — t- Q 6e the set map taking U to its age. 

Definition 3.9 (Gerby dual graph). Let (13, o, a) be as in Notation \3. 7| A gerby modular 
graph r associated to {13, o, a) is the data of an underlying modular graph r with a map 
g : F:^ ^ 13 such that g(/) = 0(/') whenever the flags f, f form an edge {/, /'} € E:^^. 
We define 7 := o o g. 

Let A be a semigroup with indecomposable zero. A gerby ^-graph is a gerby modular 
graph r whose underlying modular graph r is endowed with an A-structure (i.e. a map 

Vr ^ A). 

Notation 3.10. Let t be a gerby dual graph over r. We establish the following conven- 
tional notations, 

• For any edge Cj E E:f we put rj := j{ej). Lf Q is a twisted curve with gerby 
dual graph t, we denote by Fe^. the automorphisms group of a twisted node of C 
corresponding to Cj . Such a group is cyclic of order rj ; 

• for any flag pi S F^^/E^ we put bi = ^(bi). If Q is a twisted curve with gerby 
dual graph r, We denote by Tp^ the automorphisms group of a stacky point of C 
corresponding to pi . Such a group is cyclic of order bi ; 

Lemma 3.11. Let Q be a twisted curve over Spec C of gerby dual graph t. Let : C*^ — t- C 
be its normalization. Then there is an exact sequence 

s s 

(8) 1 ^ JJ C* ^ Pic e ^ Pic e'' ^ JJ Pic BFe^ 1 

i=l 1=1 

where s = \E^\ and BVg. are the gerbes corresponding to twisted nodes. 
Proof. It follows from the normalization exact sequence 

(9) 1 ^ Oe ^ 1^*06-- ^ ©1=1 Obf,^ ^ 1 

by taking the invertible elements and by computing the long exact cohomology se- 
quence. □ 

Lemma 3.12. Let Q be a twisted curve over SpecC with coarse moduli space C. Let r 
be the dual graph of C With reference to Notation \3.10l there is an exact sequence 

(10) 1 ^ Pic C ^ Pic e ^ ( Z/rjZ Z/biZ) 1. 
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Proof. Consider the exact sequence of complexes 



(11) 



1 



RttJ 



1. 



The Hypercohomology long exact sequence yields 

(12) 1 ^ H\C,Gn.) ^ H\e,G„^) ^ H\C,R\.Gra) ^ 1, 

where the arrow on the right is surjective because of Tsen's theorem (cf. Section [3.3p . 
By a result proven in [H Proposition A. 0.1] there is a canonical isomorphism 

(13) H\C,R^ H H\re^,Gm)>^ n H\rp^,Gm), 



where the groups above are group cohomology for the trivial action of Pg^. , Pp. on 
Gm- It is a standard result that there are isomorphisms //^(Pg^ , Gm) — Tlj^/'^j^' 
H^{Tp^,Gm) — Wi'^/bi'L. The map res in (|12p is given by restricting line bundles to 
the twisted points of C □ 

Remark 3.13. Let Q he a twisted curve with gerhy dual graph r. Let = •s, H^{Ft \ 
E^) = n. There is a commutative diagram 

(14) 1 Pic C Pic e er=iZ/6^ © (BUi^/rk 1 



Pic C ^ Pic 



leA-i 



where the map A^^ is the identity of the first factor and the anti-diagonal on the 
second factor. The diagonal arrow is its cokernel. This corresponds to the fact that a line 
bundle which is non trivial when restricted to a twisted node over Q pulls-back over Q'^ to 
a line bundle involving opposite powers of the tautological line bundles associated to the 
two preimages of the node. This is a consequence of the fact that nodes of twisted curves 
are balanced. We observe that any two line bundles in Pic C pulling back to isomorphic 
line bundles in Pic Q'^ differ by a degree zero line bundle because the normalization map 
is of degree 1. 



The following lemma gives a characterization of torsion subgroups for unmarked 
twisted curves. 

Lemma 3.14. Let C be an unmarked twisted curve with gerby dual graph r. With 
reference to Notation \3.10\ we define le ■= g.c.d.{re,r) Ve. Then there is a non split 
short exact sequence 

n.s. 

(15) 1 ^ Z/rZ^3{r)-h{T) _^ p.^ ^ ^/^^^ ^ 

where the direct sum ©"ge^ is taken over the non separating nodes. 
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Proof. Note that Z/rZ29(^)-''i(^) = 7L j rl^s^-^^-^Ar) ^ Y\cC{r\. We will see that line 
bundles which are non-trivial when restricted to non-separating nodes contribute to 
PicC[r] ~ H^{Q,fir), where we use the equivalence between the category of r-torsion 
line bundles and the category of /ir-principal bundles. Consider the exact sequence of 
complexes 

(16) 1 — ^ TT^^lr — ;> RlT^flr — )■ ^^*^^ 1. 

By taking the Hypercohomology long exact sequence we get the short exact sequence 

(17) 1 ^ H^{C,fir) H^{Q,f^r) Ker(F°(C7,i?V,/i^) A H^{C,fir)) ^ 1- 

The morphism H^{e,fj,r) H^{C,R^ Ti^^r) can be seen as the restriction map, which 
takes an r-torsion line bundle to its restriction to the stacky points. The bound- 
ary morphism 5 is explicitly described in [M]. Let a = (ai,..,am) be a class in 
H°{C,R^TT^fir) ~ ll^^j^^H^{Bre,Hr) - Pic(Uee£;? ^^e) . ^et be any line bun- 
dle over C which restricts to a line bundle of class a over IJe-^^e- Then 5(a) is the 
isomorphism class of the gerbe over C induced by the r-th root of Note that there 
is a commutative diagram (cfr. |14l Lemma 3.2.19]) 

(18) i/i(C",^W) ^H^{C'',fir) 

where denotes the normalization of C. Using the notations in Remark I3.13| the 
above diagram becomes 

(19) eLiZ/rfc®2 ^ e„e,(Z/r), 

e^iZ/rfc ^ e^,gr(zA)^, 

where for any v, (Z/r)„ = Z/r. The maps ©|^;^Z/r/c®^ — t- ©„gT-(Z/r)„ take an element 
(mi, m2s) in the image of to J2e {''^ /'''k)'nik- Choose a set of line bundles whose 
images in Pic 6/ Pic C generate it. Assume moreover that for any such line bundle there 
exists a node e in C such that the restriction of this line bundle to the complement of 
e in S is trivial. The class of each line bundle of the above set is (0, .., a, .., 0) with a 
in the fc-th position. If is a non separating node, then a is sent to zero, because the 
preimages of the node in the normalization belong to the same irreducible component. 
If Cfc is separating, its preimages in belong to two different irreducible components, 
hence the image of a is (rrfca, — trfca) G {'L/r)y © {'L/r)yi where f , v' are the vertices 
associated to the irreducible components of containing the preimages of the node. 
Therefore Ker((5) is generated by the subset of line bundles whose restriction to non- 
separating nodes is non trivial. The claim follows from the fact that for any node e, 

For any twisted curve C we will fix a set of (isomorphisms classes of) line bundles in 
PicC lifting the standard basis of Pic C/ Pic C. We start from the right factor group in 
(113p in Lemma 13.121 Recall that any smooth twisted curve is obtained as stack over its 
coarse moduli space by the construction known as taking roots of line bundles as shown 
in [3], [H]. This construction provides for any marked twisted point pi a tautological line 
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bundle whose fiber over pi is the standard representation of Tp. ~ /i;,.. We will denote 
such line bundles by Tj for any marked point pi. If pi is twisted, Tj has non-trivial 
image in Pic C/ Pic Cand it is our choice for the lift of its image. We come to the second 
factor in (I13p . Unlike twisted marked points, for twisted nodes there is no universal 
construction providing a canonical choice for line bundles whose restriction to a twisted 
node is non trivial. However, due to Lemma 13.141 we can choose a set of line bundles, 
that we will denote by Qi, .., Q^, s = l-Erl, satisfying the following properties 

Property 3.15. 

(1) for any Ci £ E^, i = 1, ..,s, Q|ej is the standard representation ofTg. ~ fXrn' 

(2) for any i = 1, .., s, ~ Oe, = 7(6^); 

(3) for any i = 1, ..,s Qi|e\e, - Oe\e,- 

We remark that any two line bundles Qj, satisfying the above conditions for some 
i differ by an rj-torsion line bundle. 

3.3. The Brauer group. The Brauer group of a smooth algebraic curve over SpecC is 
trivial. This is a consequence of Tsen's theorem as explained e.g. in [29^ III §2 Example 
2.22 Case (d)]. In fact by the same argument the Brauer group of a prestable curve is 
also trivial. It is not hard to see that the same result also holds for the Brauer group of 
a twisted curve. Consider sequence (I17p in Lemma 13.141 The result follows by taking 
the long exact cohomology sequence and by the result in [U Proposition A.0.1]. Indeed 
for r any cyclic group ff^(r,Gm) = 0. See also [34] . 

Lemma 3.16. Let Qa Spec^ he a twisted curve over an artinian ring. Then 

Proof. Let / C ^ be the ideal of the closed point 0. Let Co denote the pullback of the 
curve to the closed point. By flatness / • Og^ is the ideal sheaf of C'^. The result follows 
by taking the long exact cohomology sequence of the short exact sequence 

(20) i^i + /.Oe^^O*^^0*e„^l, 

and from i?2(e^, Qg^) = 0. □ 

Lemma 3.17. Let tt : Qs ^ S be a twisted curve over a scheme S. Let S ^ Q be a 
IJ-r-banded gerbe of class a £ H'^{C, fir)- Then etale locally over S, S is isomorphic to a 
gerbe of roots of a line bundle. 

Proof. As explained e.g. in [25], S is a root gerbe if and only if it admits a line bundle 
whose fibers carry an action of fir given by multiplication by x(q^) where x denotes 
the natural inclusion of the sheaof of r-th roots of unity in Og. By standard limit 
arguments, such kind of sheaf exists over a geometric fiber Ss of vr and extends to an 
etale neighborhood of s. □ 

4. Rephrasing the moduli problem 

Recall that for the purpose of computing GW invariants, we can pretend that there 
are evaluation morphisms taking values on the usual inertia stack (rather than on the 
rigidified inertia stack) 

e^^^:3C3,„(g,/3)^/g~gxxG, 
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where the last canonical isomorphism is due to the fact tha 9 is a G-banded gerbe. 
Given an n-tuple g G G^" we define 

(21) 3C,,„(g,/3)5^=ntie^ri(/g^J, 

where I^g^ := 9 x {gi}- The substack %g^n{'5-, f^Y is either empty or an open and closed 
component of 3Cg^n(9, /3). It turns out that 3Cg^n(9, / if and only if g is /3-admissible 
in the sense of Definition 14.51 By definition 3<!g^„(9,/3) = IJ^3<Cg^.„(9, /3)^. 

Let 9 —7- X be a ^^-gerbe. The moduli problem of twisted stable maps to 9 relative to 
the moduli problem of stable maps to X is equivalent to the moduli problem of twisted 
stable maps to gerbes induced by pullback over the prestable curves admitting stable 
maps to X. This fact follows easily from the universal property of the fiber product in 
the strict 2-category of algebraic stacks. The datum of a twisted stable map [/ : C — t- 9] 
is equivalent to the outer part of the following diagram: 




By the universal property the morphism / induces a unique representable morphism 
/i : C — 9c) where 9c is the pull-back gerbe. 

In order to benefit from the above reformulation of the moduli problem we need to 
characterize the gerbes obtained by pullback to the prestable curves admitting stable 
maps to X. Note that for a family of prestable curve n : C ^ S, the Brauer group 
of a geometric fiber is isomorphic to the stalk of the constructible sheaf i?^7r*//j. at the 
corresponding geometric point (see e.g. [29], VI 2 Corollaries 2.3 and 2.5). In particular 
the Brauer group is not constant over S. The class of the pull-back gerbe 9c in H'^{C, /J^r) 
induces a global section of ii^Tr^/i^ whose evaluation at any geometric point s of 5 is 
the class of the gerbe induced by pull-back over Cg. By applying the relative trace 
map to the section of R'^n^:fir defined by [9c] G H'^{C,lJ.r), we get a function over S 
with values in Z/r. A priori such a function is only locally constant. In fact we will 
prove it is constant. The element of Z/r obtained by evaluating this function has the 
following geometric meaning. The gerbe 9c- induced over any geometric curve C-g is 
isomorphic to the gerbe of r-th root of some line bundle. Any two line bundles over 
Cg of the same degree induce isomorphic root gerbes. Therefore we can associate to 
the gerbe 9c- the degree of any line bundle inducing (a gerbe isomorphic to) it. If 
Cg is reducible, we consider the total degree of such a line bundle. Moreover, we can 
consider componentwise the degree mod r, since the r-th root gerbe of a line bundle 
whose degree is a multiple of r is trivial. In Lemma [4.1l and Proposition 14.31 we describe 
the restriction map of the gerbe 9 along stable maps to X. It turns out that once the 
curve class [3 = /^.[G] is fixed, the total degree of any line bundle inducing a gerbe 
isomorphic to the pullback of 9 to the geometric fibers of the domain curve is constant 
over Mg^n{X, f3) and only depends on /3 and on the class of 9- 
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Lemma 4.1. Let f : C ^ X be an object 0/ Mg^„(X, /3)(C). Let S ^ X be a gerbe of 
class a G H^{X,^r)- Then 

rs- ^/l/c 

for any L G PicC with deg L = a'^" n /?, where a"" is the image of a in H^{X"'^,Z,/r) 
and (3 is the image of 13 in H2{X"''^,Z/r). Here (and henceforth) {J L/C denotes the 
stack ofr-th roots of the line bundle L. 

Proof. Since we work over C we have a canonical isomorphism (Tj/r)^ (/^r)x- 
Therefore from now on we wih identify fir and its tensor powers with Z/r. Moreover, 
because Z/r is a finite group, for any i > there are isomorphisms between etale and 
complex cohomology ([291 HI §3-3]) 

(23) H\X,Z/r) i7*(X'^",Z/r). 

Since / is a proper map of proper schemes over C, a restriction map for the etale cohomol- 
ogy /* : H'{X,Z/r) H^{C,Z/r) is defined. A pushforward map /* : W{C,Z/r) 
H^~'^^[X,'L/r), where c := dimX — dimC, is also defined by duality. A class rj E 
H^{C,'L/r) is taken to the unique class such that the condition 

rrc(rcnr?) = rrx(en/*7?). 

is satisfied for any ^ E i?^~*(X, Z/r). The operation Tr(/*(— ) n 1), where 1 is the 
generator of H^{C,'L/r), defines an element /*1 of the dual space of H'^{X,'L/r). Such 
an element is the same for any map of class /?. Indeed, by the isomorphism (|23p we get 

(24) Trc(ranl) = Trc.n(/:„ a'^" n [Cj''-''-) = Trx^n(a'^" n :5''-''-), 

where [C] and /? are the images of the fundamental class [C], resp. of /? , in i?2(C'"", Z/r), 
resp. in H2{X"''^ ^"L/r), and P.D. means the Poincare dual. □ 

Remark 4.2. Note that when there is L & PicX such that 9 — \l LjX, by the func- 
toriality of the r-th root construction, the restriction map takes a E H'^{X,fir) to the 
class of the gerbe root of a line bundle of degree ci(L) n /3 modulo r. Here /3 is seen as 
usual as an element 0/ //om^ (Pic X, Z) . 

Proposition 4.3. Consider the universal diagram 

(25) £ ^ -X 



Mg,n{X,/3), 

where <t is the universal curve and f is the universal stable map. Let e : H^iC, (/ir)^) 
H^{Mg^niX, (3), R'^TT^Hr) be the edge map obtained from the Leray's spectral sequence for 
the sheaf {/J-r)^ o-nd the morphism vr. Then the map 

7V(e(fU)):i?2(X,;..)^(Z/r)_^^^^^^, 

determines a constant qlobal section of ("Llr)— . The evaluation of such a section 

at a geometric point p gives the total degree of any line bundle whose r-th root gerbe is 
isomorphic to the gerbe 9cp obtained by pulling back S to Cp. Moreover such a degree 
depends linearly on (3 modulo r. 
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Proof. Let (/Ur )^ be the sheaf of r-th roots of unity over C The higher direct image 
sheaves R^it^,{^j.)^ are constructible sheaves. From the low degree exact sequence asso- 
ciated to the Leray's spectral sequence for the sheaf (/ir)(r and the morphism tt, we get 
the following morphism of cohomology groups 

(26) H^{Mg,n{X,P),^lr) "'-^^ H\C,flr) ^ H%M g,n{X , (3) , ^^r) ■ 

Note that we denoted by fir both the sheaf {fir)^ and iT^^fir)^ — if^r)^^ , where the 
last isomorphism holds because families of prestable curves are geometrically connected. 
Let a = [g] G H^{X,Hr)- The pullback fa G H^{(t, (/u,.)c) induces via the edge map e 
a global section of the constructible sheaf i?^7r^,(^,.)j. Let p : SpecC — )• M g^n{X, (5) be 
a geometric point. Let Cp be the pre-stable curve over p and Lp : Cp ^ (t the inclusion. 
Let ap be the image of fa along the map H'^{£) : H'^i't, (fJ-r)^) — ^ H'^iCp, ifJ'r)c-)- By 



the universal property of the quotient (obviously H (i^) o H (tt*) = 0) it follows from 
sequence (j26p that there is a factorization of H'^[iZ) through the edge map e as follows 



(27) H^{it,{fir),) -if°(Mg,„(X,/3),i?2vr,(^, 



HO{r) 



H\Cp, {fir)c-) H\p, {R^Mc^)) — ^ FO(p,r (i?'vr,(/i,) J). 

where the isomorphism on the right of the last row holds by proper base change theorem. 
Therefore the evaluation of e(f*a) at a geometric point p gives ap in p*i?^7r^,(//r)g; — 
H^{Cp, {fJ.r)c-)- Since the universal curve is representable relative to its base, there is a 
trace map constructed as in the case of schemes: 

(28) R^TT^f^r), ^ R^7Tlifir)^sm ^ Z/r, 

where C*™ C C is the smooth locus of the universal curve. The natural morphism 
R'^n\fir,^sm — ^ R'^'^*fJ'r,^ in (p8|) is an isomorphism because is finite over the base. 

A priori Tr(e(f*a)) is only locally constant. However, by Lemma |4. II we conlcude that 
it is in fact constant, because its evaluation depends only on a and /3. □ 

Notation 4.4. In what follows for the sake of simplicity we will denote by a Ci P the 
element a""^ n /3 G Z/r computed in Lemma \4-l\ This element characterizes the gerbe 
Sc pulled back to a prestable curve C of class 13. In fact it is the total degree of any line 
bundle over C whose r-th root is isomorphic to Sc". 

Definition 4.5. Given an identification G ~ ^r, a /3-admissible vector is an n-tuple 
g= (exp(22vEIm),..,exp(^^^^g^2^)) G G^", with bi\r and {nuM) = I for i = l,..,n, 
and such that 

n 2lT^J — Inii 2TTy/—lk 
exp( ) = exp( ), 

i=i °' ^ 

where k = aCi f3 mod r . 

Lemma 4.6. Let C be a prestable curve of dual graph r. Let 9 — \l LjG for some 
L G PicC. Let Q be a twisted curve of gerby graph r over C admitting a representable 
morphism to S. By the universal property of root gerbes, there exists a pair (N, 0) such 
that (j) : N®'' ~ L. Let n = \F:^\ E:f\. Then 

(29) X ~ ®r=i^' ® M, 
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where {mi,hi) = 1, the restriction of M to the marked points is trivial and for any 
e € is a faithful representation ofV^, ~ /i^e- 

Proof. Let us consider the normahzation i/ : — )• C. This is a representable morphism. 
Let Z = 1, .., m be an index labehng the irreducible components of C For any I there are 
induced morphisms Q\ — )■ C;, with a smooth twisted curve. Let ui := |-PV(i);) \ ET{vi)\y 
ki := [E^^^s^l, si := \E~°^^-^\, where t{vi) is the gerby graph of the irreducible component 
6;. Then 

(30) >J-|e^ ^ 'i^Zi'^' (8) ®'=i^r ^*=i^' ® ^' 

where M' is pelled-back from the coarse moduli space C^'. Note that there is a bijection 
between marked points and separating nodes of C; and of its normalization. On the 
contrary, for any non-separating node of S; there are two marked points in its preimage 
in Q^. To study representability of fj^ : C;^ — )• S by [U Lemma 4.4.3], it suffices to study 
the homomorphism 

(31) Aut{ai) ^ AutifnTi)), 

induced by fl' on stack points. Here cij can be either a stack point mapping to a smooth 
point or to a node in C;. By we mean precisely a morphism hi : Spec-ftT — )• C from 
an algebraically closed field K to CJ^ with image in the special locus. By the root 
construction description of (see e.g. [131 Example 2.7] and [3l Section 4.2]), the stack 
point (jj is equivalent to the data (/ij, Nj, Tj, (/)j), where hi : Specif — ?• C with image 
Pi, 'Ni is a line bundle over Specif, (f)i : 3sff"^' — )• h*(D{pi), Ti is a section of Jsfj such 
that (l)i{Tl^) = h*Si, hence Tj = 0. The image fl'{o'i) is given by h*i'*J^ and • 
h*v*J^®''' ~ h*TT* f*L. Note that h*7i is naturally isomorphic to Xj. An automorphism 
e G Aut{ai) ~ fir, is mapped to e"^^ G Aut{fl' (ai))) ~ fir since X = 7r*M' 
We conclude by observing that for any ai in Q'^, the restriction of the normalization 
map is an isomorphism with its image. Hence in particular for any e in E:^ is 
isomorphic to over for some ai in C^. Therefore is a faithful representation 
of Fg ~ ^iit((Tj) because T]"* is. □ 

Lemma A.7.Let [J : {Q,{ai}) ^ S] G a<;g,„(g, /3)9(C) mi/i g ~ {/L/X /or some L in 
PicX. Then f is equivalent to a line bundle 

(32) K ~ (g) M 

where M is an in Lemma \4.6\ and for i = 1, ..,n rrii are determined by g. 

Proof. By definition the morphism f\„^ : BfXn — — )• S is equivalent to an injective 
homomorphism 

fir, ^ fir, exp(27r\/^/ri) i-^ gi. 
The argument in the proof of Lemma 14.61 applied to the irreducible component of C 
containing cjj, shows that we may write 

(33) gi = exp(27r\/— 1— ^), with < mj < 6j, and {mi,bi) = 1. 

Furthermore, if is the universal r-th root of L over S, then is the fif,.- 

representation on which the standard generator exp(27r-v/— l/5j) G /ij,. acts by multipli- 
cation by exp(27r-v/ — IW'i/^'i)- other words 

(34) age.^(r£VO = ^. 
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□ 



Lemma 4.8. Let [/ : C — t- 9] &e an object o/3Cg^„(S, /3)^(C) with underlying map between 
coarse spaces being [/ : C — t- X] . Then the orders of the isotropy groups of marked points 
and separating nodes are determined by g. 

Proof. The proof proceeds by induction on the number of irreducible components of 
C. If C is irreducible the claim follows from Lemma 14.71 Let us prove the induction 
step. Let Si C C be an irreducible component containing only a separating node e. Let 
C2 = C \ Ci. Set /3i = /*[Ci]. Then /|g is equivalent to a line bundle Ki of degree ki/r, 
where ki = ci(L) n /3i. By Riemann-Roch for twisted curves 



(35) 



n 
i=l 



k_i 

r 



ni 



agcp^iy^i) = agee{'Ni) + N 



kl s-^ f^i IT^r 



where G N. Note that the preimage of e along the closed immersion i : Ci C is a 
smooth point, that we denote again by e. By taking the fractional part of ([35]) we get 

"1 



(36) 



r k'~ be 

1=1 



{m, 



e,be) 



1. 



We conclude by observing that the order of the node e is given by 6e- ^ 

Remark 4.9. We observe that unlike separating nodes, g does not determine the order 
of non- separating nodes. In Lemma \4-8\ we used Riemann-Roch componentwise in order 
to determine the order of the inertia group of separating nodes. That works because 
the preimage of a separating node along the inclusion of an irreducible compoents is a 
smooth point. Of course this is false for a non- separating nodes. Riemann-Roch formula 
for twisted curve does not take into account the ages of line bundles at nodes. This is a 
consequence of the fact that twisted nodes are assumed to be balanced. 

Definition 4.10. Let r be a dual graph. Let g be an admissible vector. We say that a 
dual graph r over r is ^'-compatible if the following conditions are satisfied: 

i) for all Pi G F^/E^, we have "f{pi) = bi where bi is determined by g as in Definition 



a) for all non-looping Cj G E^, we have J^ej) 
in the proof of Lemma \4-8\ 



Sj where Sj is determined by g as 



The definition of /3-admissible vector is useful to characterize twisted stable maps to 
arbitrary banded gerbes. Let S be a /x^-banded gerbe. Let a G H'^{X,^r) be the class 
of 9- Let [/ : C — )• X] be a geometric point in Mg^n{X, (3). Let A: be a lift to Z of 
a n /3. Let us choose a degree k line bundle L over C and an isomorphism 9 such that 
■ f*9 — > {[lJC . Let us consider the diagram 



(37) 




^/LjC 



C^X. 
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We claim that the twisted stable map / : C — t- 9 determines a /3-admissibIe vector g 
which can be computed as the /3-admissible vector of (3sf, (/>). Indeed it turns out that g 
is well defined in the sense that it does not depend on the choice of L and 9. First we 
know that (JNf, (^) determines some g as in Lemma 14.111 Let {pi} be the set of marked 
points in C. Let us consider the restrictions and . They define (up to the choice 
of a section) objects of the cyclotomic inertia stacks /^Sc and /^S- We recall that over 
C the cyclotomic inertia stack is canonically isomorphic to the usual inertia stack. By 
definition of banded gerbe, there are canonical isomorphisms /9 — S xx {f^r)x ^^'^ 
I2c — 9c Xc {f^r)c^ where (/ir)c — f~^{f^r)x- Indeed Sc is canonically banded by the 
restriction of {f^r)x C ( \18\ IV 2 Corollary 2.2.4]). There is a 2-commutative diagram 



(38) 



I</L/C- 
I9c- 
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\/L/C Xc {Hr)c 

(e-^,id) 

(3,/.) 
S Xx {\lr)x^ 



where the arrows on the left are the morphisms between the inertia stacks induced by 
and g while /* denotes the morphism of schemes corresponding to the morphism 
of sheaves (/ir)jf — ^ f*{fJ'r)c- The restriction /i|p. is an object of I -{/L/C, therefore by 
([38]) and by the projection Sc Xc (Atr)c — ^ if^r)c it defines an object of fir- By the 
1-commutativity of the upper part of diagram (|37|) . we see that f\p^ is associated to the 
same element of /x,.. Once we choose 9 and L we get a bijection between the possible 
representable morphisms Q ^ Sc and the representable morphisms C — t- {jLjC. Since 
9 is an isomorphism of banded gerbes, which is the same as to say that the upper square 
of diagram (j38p commutes, any two morphisms (!N, (/>), h corresponding to each other 
via 9 define the same n-tuple of elements of [ir- Therefore we can associate to a twisted 
stable map [/ : C — )• S] over [/ : C — )• X] the ?i-tuple of elements of [ir defined by the 
morphism S — t- {jLjC associated to / by any choice of 9 and L. Such an n-tuple by 
definition is a /^-admissible vector. We will sometimes call a twisted stable map with 
/3-admissible vector g a twisted stable map of contact type g. 

The above discussion allows to state the following Lemma. 

Lemma 4.11. Let S ~ S &e a fir-i>anded gerbe. Let [f : C ^ X] be an object of 
Mg^niX, /3){C). Let Q ^ C be a twisted curve over C such that the order of all of its 
special points divides r. Then a representable morphism C — )■ /*S lifting f is equivalent 
to a pair (X, (/>), where !N" G Pic C and : [Nf — )• f*L satisfy the following conditions 

(1) : X- ^ f*L; 

(2) Ji ^ ® M, where % are the tautological line bundles associated to the 
marked points and M £ Pic C such that, for any marked point pi, M|p. ~ Op.; 

(3) g € fir^, defined as the n-tuple {gi,--,gn) such that gi = exp(^2v^l!ni^^ p_ 
admissible; 

(4) for any twisted node e G C, M|e is a vector bundle carrying a faithful represen- 
tation of the isotropy group of e. 
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Moreover [/ : S — 9] is in %g^n{S, f^Y , then the order of the inertia groups of marked 
points and of separating nodes is determined. In oter words, the dual graph t of C is 
g-compatihle over the dual graph r of its coarse moduli space C. 

Proof. It follows from Lemmas 14.61 14.8] and from the discussion starting on page [TBI □ 

Proposition 4.12. Let S ^ X be a fir-banded gerbe. Let [f : (C,pi, — t- X] be 
an object of Mg^n{X, f3){C). Let r be the dual graph of C. Let g = {gi,...,gn) € /i^" 
a (3-admissible vector. Let t be a g-compatible gerby graph such that for any e G E~°^ 
7(e)|r. Let C be the twisted curve over C with dual gerby graph r. Then Q admits twisted 
stable maps to 9 with associated f3-admissible vector g lifting [f : C ^ X]. Moreover, 
the number of non isomorphic twisted stable maps is 

(39) N{T) = r^3~h{r) ^Yl^i^iei)) 

1=1 

where <j){ ) denotes the Euler totient function. 

Proof. We sketch the proof, details are left to the reader. We fix a line bundle L 
in PicC such that /*9 — yLjC . Let C be a twisted curve as above. Then a twisted 
stable map 6—7-9 lifting / corresponds to a pair (!N, 0) such that ^ : !N®'' ~ L. 
By Lemma 14.111 we know that the admissible vector g fixes the restriction of Ji to 
®Pi^F^/E:fBfJLhi © ffiej6£;2 ' -^A*rj • By definition of /3-admissible vector and by discussion 
on page [11] it is possible to lift this image to a line bundle 3sf' which is an r-th root of 
L and it is trivial when restricted to the complement of marked points and separating 
nodes. In order to get a line bundle corresponding to a representable morphism (cfr 
Lemma 14. 6p we need to tensor Ji' with an r-torsion line bundle whose restriction to 
non-separating nodes yields a faithful representation of their inertia groups and which is 
trivial elsewhere. Such a line bundle can be obtained as a tensor product of line bundles 
Q; satisfying Property 13.151 The condition on the faithfulness of the representations of 
the inertia groups of the nodes is equivalent to the requirement for each e; G E^~°^ the 
associated line bundle Q; appears raised to a tensor power coprime with 7(6;) (see again 
Lemma [4.6p . Moreover, Jsf can be further tensored by r-torsion line bundles pulled-back 
from C to obtain non-isomorphic r-th roots of L. The number of non-isomorphic (JSf, (f)) 
yielding non-isomorphic twisted stable maps to 9 is computed as 

\Er\ 

(40) iV(f) = r23-^^Mxn'A(7(e;)), 

1=1 

where denotes the Euler totient function, whose evaluation on 77, G N gives the 

number of integers less than n and coprime with ?7,. □ 



5. The structure morphism p 

As sketched in the introduction, in order to compare orbifold Gromov-Witten invari- 
ants of 9 with Gromov-Witten invariants of X we need to prove a push-forward formula 
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for the virtual fundamental class of 3<!g,n(S,/3)- We consider the following diagram: 



(41) 



tw 



Here the morphism q maps a twisted curve to the underlying prestable curve. The 
right vertical arrow is the forgetful morphism taking a stable map [/ : C — )■ X] to the 
prestable curve C. The stack Pg^n is defined as the fiber product. There is a natural 
morphism p : 3Cg,n(S,/3)^ — ^ Mg^n{X, f3) associating to a twisted stable map [/ : C — >• S] 
the underlying stable map [/ : C — )• X] between the coarse moduli spaces. Just like 
the case of Mg^n{X, j3) there is a natural forgetful morphism IKg^„(S, /3)^ — )• taking 

a twisted stable map [/ : C — > S] to the twisted curve C The square defined by the 
forgetful morphisms and the morphisms q and is commutative. Therefore by the 
universal property of the fiber product there is an induced morphism t. 

We will prove that the pushforward map 

: H,{%g^n{^,py,q) ^ H,{Mg,n{X,(5),Q) 

takes [3<:g,„(S,/3)^]"'' to a multiple of [Mp,„(X, /3)]''^^ see Theorem ES] below. In order 
to prove this push-forward formula we will need the following Proposition, which says 
that the morphism t in (|4ip is etale. 

Proposition 5.1. The morphism t in diagram is etale. 

Proof. Since all our stacks are locally noetherian locally of finite type, to prove that a 
morphism is etale we can use the infinitesimal lifting criterion and check it over square 
zero extensions of Artinian local rings ([191 §17]). Let 

(42) I ^ B ^ A^l 

be a square zero extension of local Artinian rings. Assume that we have the following 
2-commutative diagram 



(43) 



Spec A 



■3C<,,n(S,/3) 



Spec B 



Pr 



g,n- 



This is the datum of an object {QbiIb '■ Cb — X) of Pg^n{B), an object (Ca,/a : 
Qa — ^ S) of JCg^niS, (3){A) and a pair of isomorphisms if G Mor Mg^n{X, (3){A) and 
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ip S Mor dJlg^ni^) making the following diagram commutative 



(44) 



Ca 



fA 



X 



id 



Cb\a 

/sU 
X. 



Here /a denotes the morphism induced by /a by passing to the coarse moduli spaces. 
The morphism t is etale if and only if there exists a unique (up to isomorphism) arrow 
Speci? —7- %g^n{9,l3) making the following diagram 2-commute 



(45) 



Spec j4 ■ 



■3C<;,n(S,/3) 



Spec B 



P. 



Let us start by observing that the pullback of 9 to is a root gerbe by Lemma 13.161 
Choose a line bundle Lb over Cb and an isomorphism ^b such that $,b '■ /^S — > 
^JLb/Cb- Let i : Cb\a ^ Cb denote the inclusion. There is a composite isomorphism 



(46) 



/IS ^ v*i*rBS 



— > 



{JV>^LbICa 



where the first arrow is canonical. Define La '■= ^p*i*LB- According to this definition 
and isomorphism (06]), /a corresponds to a pair {3^a,4'a) where J^a is a line bundle 
over Qa and (pA is an isomorphism such that (pA ■ ^a ~^ S^'^^ extension 

of /a to B is equivalent to giving an extension {'}{b,4'b) of the pair (J^a^'Pa) and an 



isomorphism 
sequence 

(47) 



^B lifting cl)A such that (f)B 



1 



J 







Lb- By fiatness we have an exact 



1, 



where J = I (S>b ^ square zero ideal in Oe^- By restricting to the subsheaves of 

invertible elements and by taking the long exact cohomology sequence we get 



(48) 



1 ^ H^{eA,Oe^) Pices ^ PIcCa ^ 1, 



where the last arrow is surjective because of dimensional reasons. Exactness on the left is 
due to the surjection H^{0*^) -)• H^{0\). Choose a line bundle J4b lifting J4a- Let Sb = 
Jsff^L^. ThenSslA ^ 0, hence Sb belongs to the subgroup ii'^(eA, Oca)'^'^- Since J is 
a square zero ideal, it is not hard to see that H^{Ca, OeA)®"^ i^ divisible (e.g. by working 
with cocycles). We can therefore assume that N^** ^ Lb- We need to show that any 
two line bundles N^, lifting J{a and satisfying the above condition are isomorphic. 
Indeed by assumption 7^'^ (g) N"g is an r-torsion line bundle in H^{Qa, Oca) J- Again 
by using that J is square zero one can see that this group does not contain torsion. 
Moreover any two choices of (?^_b,</>_b) lifting (Ha,<Pa) and such that (/>b : X^'' — > Lb 
define two isomorphic morphisms to ^JLb/Cb- ^ 
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Let X := OCg^niS, (3y and P := Pg^n- We observe that the relative inertia of the 
morphism t : Xg^niS, /?)^ Pg,n-, defined as 

contains as a subsheaf the etale sheaf {^r)x- Indeed, the automorphisms group of an 
object [/ : — )• S] over T leaving fixed is f*{fir)s — (/^r)eT bacause 9 is a /x^-banded 
gerbe. Twisted curves are geometrically connected, therefore T{QT,fJ'r) = ^{T,fir)- 
Whenever the the inertia of a finitely presented stack X contains an etale subgroup 
stack G there exists a construction called rigidification [4], which yields a canonical 
morphism X — )• X^G such that any morphism / : X — )• ^ whose relative inertia /(X/V) 
contains G factors through X — )• X^G. Moreover X — )■ X^G is an etale gerbe. In our case 
the rigidification of % along fir is isomorphic to the relative coarse moduli space [5] for 
the morphism t. The relative coarse moduli space construction is recalled in Appendix 
Rl By the above arguments we get the following 

Lemma 5.2. The morphism t : 3Cg,n(S,/3)^ — Pg,n factors through 

(49) OCgA^^^y ^ ^aAS, f^f^f^r ^ Pg,n, 

where the first arrow is a fir-banded gerbe and the second arrow is representable and 
etale. 

Proof. The second arrow is representable because the rigidification coincides in this 
case with the relative coarse moduli space. The second arrow is also etale because the 
first arrow is etale and surjective, and being etale for a morphism is a property etale 
local on the source. □ 



6. Push-forward formula 

Consider again diagram (I4ip . In this Section we prove the pushforward formula. 
Theorem 16.81 which states that the pushforward along p of [Xg^niS, f^)^]^^^ is a multiple 
of [Mg,„(X,/3)]™'" in H^(Mg^niX,/3),Q). We wiU show that the multiplicative factor is 
given by r^^~^. The first step in the proof is to show that the natural perfect relative 
obstruction theory for IKg^„(S,/3) is quasi-isomorphic to the pull-back of the natural 
perfect relative obstruction theory for Mg^n{X, (3). We refer the reader to Section [2^2] 
for definitions and notations. 



6.1. Comparison of Obstruction Theories. 

Lemma 6.1. Let s : %g,n{9,P) Mg^„(X, /3) be the natural morphism. There is a 
natural isomorphism of objects in I'coh.(3^g,n(S, 

Proof. We will prove the statement for E^* = RTT*J*Te, and E'^* = RTT^f*Tx. Con- 
sider the complex Ls* R-K^f*Tx in I'co/i(3Cg,n(S> It suffices to show that Ls* R-K^,f*Tx — 
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-R7r*/*Tg. For this we consider the diagram 

7 




Observe that e*Tx — Tg. Also we have Rp^Lp* ~ Id because the map p is the relative 
coarse moduli space for the map vf. The arrow s is flat, because it is the composition of 
a flat morphism with an etale morphism. The arrow vr is flat because it is the structure 
morphism of the universal curve. Moreover the square in the above diagram is cartesian, 
hence we calculate (using [27l Proposition 13.1.9]) 

Ls*R7rJ*Tx ~ RTTiLp'*f*Tx 

~ RTT:Rp,Lp*Lp'*f*Tx 

~ R-K'*RpJ*e*Tx 

~ R7riRpJ*Ts 

^RnJ*Ts. 
Since s* is exact, we write s* for Ls* . □ 
Lemma 6.2. The diagram of morphisms in Dcoh(3Cg,n(S, 

(50) s*E' 



E' 



is commutative. 



Proof. The obstruction theories above are determined by adjunction from the mor- 
phisms obtained by composing the arrows in the following diagram 



(51) 



s*rL' 



X 



s*Lc 



„* r» 



•^*^*-^'^A/s,n(X,/3)/OT<,,„ 



f*Ls 



3<:3,„(S,/3)/OT|- 

Each arrow in diagram (I5ip is commutative since every arrow is part of a transitivity 
exact sequence involving cotangent complexes. Commutativity follows from functorial 
properties of transitivity exact sequences (cfr. \2^ 2.1.5]). □ 
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Corollary 6.3. The induced morphism s*E* — )■ ijc^ „(g,/3)/S[)?^™„ coincides with the orb- 
ifold GW obstruction theory E* — )• -^^Kg „(g,/3)/9Jt*'"„ ■ 

Corollary 6.4. For any f3-admissibe vector g, the induced morphism s*E* — )■ Lr^^ ^^-g j^-^g j^sitw 
coincides with the orbifold GW obstruction theory E* — t- -f'jCg „(g fB)s /m^^ ■ 

Proof. Xg-a{9,P)^ ^ %g^n{5,P) is an open immersion. □ 

6.2. Proof of the pushforward formula. By Corollarv l6.4l the natural perfect relative 
obstruction theory E* over %g,n{9, is quasi-isomorphic to the pull-back of the natural 
perfect relative obstruction theory E' over Mg^„(X, /3). We know that such obstruction 
theories admit global resolutions. We choose a length 2 complex of vector bundles F' 
quasi isomorphic to E*. Its pullback to Xg,n(S,/3)^, that we denote by F*, is a global 
resolution of E*. We denote the dual complexes by F, and F,. We have a cartesian 
diagram (put X = Xg,n{9, /3)^, M = Mg,n{X, /?)) 

(52) 




where C = Fi Xj^^^j^^j ^x/m'^"' C = Fi X[Fi/Fo] ^m/ot- observe that Fi and -Fi 
are vector bundles. Hence the intersections with the zero sections provide isomorphisms 
O!,^ : A^{Fi)(Q A^{%)q and 0^^ : A^{Fi)q A^{M)q. By compatibility of Gysin 

morphisms with proper pushforward we get that for any a G A^{Fi)q 

(53) p^ol^a = Ojj- p'^ a. 

We argue in the spirit of [15] that = d[M]^^^ for some d € Q if and only if 

(54) pi[C] = d[C] e A,{Fi)q. 
We will show that C is the pullback of C and that 

(55) p'M = py*[C] = r'^J-\C] G A,{F^)q. 

Proposition 6.5. Consider diagram The intrinsic normal cone G^ac/OT*'^ ^-^ isomor- 

phic to the pullback of the relative instrinsic normal cone '^jj/^, where % = Xg^n{9, f3)^ , 
M = Mg,n{X, 13), Tl^"" = and m = 9JTg,„. 

Proof. Note first that the relative instrinsic normal cone Cp^ „/9Jt*™ is isomorphic to the 
pullback of C]ij/5r)j because q is flat. This follows from [TTl Proposition 7.2 ]. We claim 
that Cjc/OT*™ is isomorphic to t*^p^ ^j^xtw . By the functorial properties of the intrinsic 
normal cone there is a natural morphism 

(56) '^3c/OT*"' **'^P9,„/an*"'- 
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Being an isomorphism is a local property. We will show that such a morphism is an 
isomorphism in local charts. Any local embedding of % over 971^^ is also a local embed- 
ding for Pg^n over Tl^^^ because t is etale. Let {U, M) such a local embedding. Restrict 
the natural morphism (j56p to U. By the local description of the intrinsic relative normal 
cone we get 

(57) G^Dc/OTt^lc/ ^ **^Pg,„/an*'^lc/ 



□ 

In order to prove the equality in (j55p we will show that p, hence p' is of pure degree. 
We will use the facts recalled in Appendix [Aj We make a few preliminary remarks. The 
morphism t : %g,n{9, P)^ Pg,n is etale by Proposition 15.11 The morphism g : — )• 
QJtg^n is flat by [33]. Moreover p : 3Cg^„(9,/3)^ — )■ Mg^n{X, /3) is proper because it is a 
morphism between proper stacks and is quasi finite because e.g. it is a composition of 
two quasi finite morphisms. Indeed, the image of %g,ni9, f3)^ in OJT^^ factors through 
the open substack where the orders of isotropy groups of points in the boundary divisors 
divide r. Such an open substack is of finite type and quasi-finite over Tlg^n- Therefore q' 
is also quasi-finite. The morphism t is quasi-finite because it is etale. Finally, p = q' ot, 
hence p is quasi-finite. 

Proposition 6.6. With the notations in diagram \5S^) 

(58) p'^[C] = r^^~\C]. 

Proof. Let us denote by C the reduced substack of an irreducible component of C . 
Let C' = p-^iC) and let C'' be the reduced substack of C and C' . Let m(C), m{C') 
denote the geometric multiplicities. Equation (j58p can be written as 

p'J*[C] = m{C)7n{C')p:[C'] = 7n{C)m{C')deg{CyC')[C'-] 

(59) =deg(C'7C^)[C]. 

We compute the degree of C over C" by using the characterization given in Appendix 
lAl Assume that factors through an integral substack Af(r)'^' of Mg^n{X, (3) such 
that its generic geometric points correspond to stable maps with domain curve of dual 
graph T. Let %{t) be the preimage of M(r)'" along p. The dimension of the ring K{%) 
over K{M{tY), [K{%) : K(M(tY)], is equal to the number of points weighted with 
multiplicity in a generic geometric fiber of p : OC{t) — )• M{tY'^'^, which is the relative 
coarse moduli space of p : %{t) M{tY^'^ (see Appendix E]). Let Er^^ C be the 
subset of looping edges. Let P{t) = Pg^n x^g^ ^^^^x,p) MirY'"^- Let x : SpecC ^ M{tY'"^ 
be a generic geometric point. Let P{t){x) be the fiber of P{t) — )■ M{tY^'^ over x. Then 

(60) %{t) xjj^^y.,^ SpecC ~ X{t) x p(^) P{t){x). 

Let A(t) be the set of all ^-compatible gerby graphs over r. For any r in A(t) and for 
any i = I, .., let Sj('r) = 7(ej), Cj G i?^:. Then 

(61) P{t){x)= II [SpecC[xi,...,x.]/(xf(^V^(T)]:= JJ ^(^)' 
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where //(r) = fisi{T) x ••• x a-i^d (ei,..,er) in )u(t) acts on {xi,..,Xr) taking it to 

{eixi, ..,€rXr)- Let J(t) C A{t) be the set of ^-compatible gerby graphs r over r such 
that for any £ E':^:, 7(ej) divides r. Let /(r) be the number of non-isomorphic hne 
bundles over a twisted curve of gerby dual graph r. For any r € J(t) there is a cartesian 
diagram 



(62) 



rjlir) 



1{t) 



%{t){x) 



Spec( 



W{t) 



P{t){x) 



where 1 < 1{t) < /(?), iB^ir)lir) = (Bf^r), ^(r)«(^) = Z{t) and W{t\^) = W{t). By 
Lemma 15.21 the upper vertical arrows are the structure morphisms of a /i^-gerbe and 
the lower vertical arrows are etale and represent able. In our case, as can be checked by 
using groupoid presentation^, the lower central arrow is a trivial cover. The upper left 
corner is a disjoint union of /(r) trivial gerbes. We recall that I(r) is the number of 
non isomorphic r-torsion line bundles over a twisted curve of dual graph r associated to 
a fixed g and with fibers carrying faithful representations of the isotropy groups of the 
nodes. Connected components of %{t){x) x p{t){x)^{t^) labeled by the corresponding 
connected component in IJ;{?)(^A''-)z(?)- Note that for any r the (relative) coarse moduli 
space of W{t) (over SpecC) is SpecC and for any r and any 1{t) the same is true for 
Z{T)i(jy Therefore the following diagram is cartesian 



(63) 



IJrgJ(r) ]1i{t) Zij)l(f) 



X{t) 



□ 



UreJ(r) LIz(r)(SpecC),(?) 



□ 



Spec( 



Xir) 



M{t) 



Here p : OC ^ M{tY is the relative coarse moduli space for p and p^ is the relative 
coarse moduli space of p^ o vr^ because the formation of the relative coarse moduli space 
commutes with arbitrary base change for tame stacks. The number of points in the fiber 
of p^ is computed in Lemma 16.71 below. It is equal to r^^ and it does not depend on r. 
According to the degree formula in Appendix[Xl in order to compute the degree of p we 
need to multiply by the number 5(3Cg^„(9, /3))/5(Mg^„(X, /3)) in case there are non trivial 
generic stabilizers. Note that for any T — )• DCg^„(S, /3) corresponding to an object [C — )• S] 
over [C — X], there is a surjection of sheaves of groups Aut j,{Q — S) — > Aut rpjC — X). 
Hence 5{%g^n{'5-i /3))/5(Mg^„(X, /?)) is equal to the degree of the relative inertia I{%/M). 
This is in turn equal to degI{%/%) = r, because 3C — >• 3C is a /i^-gerbe. By putting all 
together we get 



(64) 



deg p 



^Artinian local rings with residue field C admit only trivial etale covers 
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□ 

Lemma 6.7. Consider the morphism p : X(r) — t- (r) defined in Proposition \6.6l Let 
X : Spec C — )• M(tY be a generic geometric point. Then the number of geometric points 
of %{t) overx is equal to r^^. 

Proof. We first observe that geometric points of X(r) are in bijection with geometric 
points of !X](r). Therefore we have to count the number of (non isomorphic) twisted 
curves C over C with ^-compatible gerby dual graph over r admitting twisted stable maps 
to S- Moreover, for any such C we have to count the number of non-isomorphic twisted 
stable maps to 9- Note first that a twisted curve over SpecC is determined by its coarse 
moduli space and by the order of the isotropy groups of its special point^. Let us start by 
computing the number of ^-compatible gerby graphs r over r such that the corresponding 
S admits a twisted stable map to S- By Proposition 14. 12] we know that any twisted curve 
with ^-compatible r such that for any Cj G E~°^ li^i) divides r admits twisted stable 
maps to S. Choose a line bundle L such that /*S — -n/ L/C. We fix a set of line bundles 
satisfying the properties listed in Property 13. 151 and we use the same notations we used 
there. After making this choice, the admissible vector g determines a line bundle S over 
e such that degL (g) S"*" is multiple of r. Exphcitly, § ~ (g^^iTf'' (g) (8)"g^^Q*^ where for 

all Ci & F-;f\ E^, (mj,7(ei)) = 1 and for all ej € E'^^ \ E~"^, {■y{ej),tj) = 1. Any line 
bundle defined as 

(65) 3M-,-.= S®3l,-.= S®0^'e4°°''Q^«', (si,^{ei)) = l Ve; G 4°°^ 

corresponds to a twisted stable map C — )■ yLjC ~ /*S- Indeed by definition 3??^ ~ Og. 
The condition (s/,7(ei)) = 1 as usual implies the representability of the corresponding 
morphism. By tensoring S with different possible choices of line bundles of the form "Rg 
we get different isomorphism classes of twisted stable maps. The number of choices of 
3?^ is computed by 

k 

(66) Ar(ri,..,rfc) = J];,/)(n), 

i=\ 

where k = \E~"^\, ri = 7(e;) for any e/ G E~°^ and </>(—) is the Euler totient functiorQ. 
Moreover, by tensoring any 'Ng with different possible choices of r-torsion line bundles 
in PicC we get r'^9-biir) isomorphic twisted stable maps. Finally, in order to get 
the total number of geometric points over x we have to sum over all r S Ji^) with J(t) 
defined in Proposition 16.61 This is the same as summing the numbers A^(ri, ..,r„) over 
all possible n-tuples (ri, .., r„) of integers dividing r. Let |£'r''°^| = k. By the properties 
of Euler totient function we get 

k 

(67) N= ^ iV(ri,..,rfc)= J] J] </,(rO = r'^ = /^W. 

ri,..,rk\r ri,..,rk\r 1=1 



This can be understood e.g. by considering the characterization of twisted curves in terms of log- 
twisted curves given in [33] and by observing that the only isomorphism class of locally free log structure 
over SpecC corresponds to a monoid of the form N"^, where r £ N is equal to the number of nodes of 
the coarse moduli space C 

'''For any n £ N, the Euler totient function <j}{n) is defined to be the number of integers less than n 
and coprime with n. The following property holds: Xldin 't'i'^) ~ ^- 
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Finally, we get the total number of points over x as 

(68) Ntot = N X r'^9-bi{T) ^ ^2g _ 

Note that this number does not depend on the dual graph r. □ 

Combining the above discussions, we get the desired pushforward formula. 

Theorem 6.8. Let g be a j3- admissible vector. Let p : 3Cg^„(S,/3)^ — Mg^„(X, /3) be the 
morphism defined in diagram i41\ ). Then 

(69) p.[3Cg,„(g,/3)^1"^ = r'3-'{Mg,n{X,fi)r G /7*(M,,„(X, /?), Q). 

Proof. It follows from arguments at the beginning of Section [6.21 and from Proposition 
K6[ □ 

7. OrBIFOLD GrOMOV-WiTTEN theory of banded GERBES 

In this Section we examine the Gromov-Witten invariants of the gerbe S using results 
in previous sections. In particular in Theorem l7.3l we prove the decomposition conjecture 
for 9- 

7.1. Orbifold Gromov-Witten invariants. Let 

be a G-banded gerbe with G a finite abelian group over X. Let a G H'^{X,G) be the 
isomorphism class of S (as a G-banded gerbe). Since the gerbe is G-banded there is a 
canonical isomorphism 

(70) I9 = Gxx9^l[%, 

where Sg is a root gerbe isomorphic to S. Let : Sg — ^ -'^ be the induced morphism. 
On each component there is an isomorphism between the rational cohomology groups 

To simplify notation, from now on we assume G = for some r G N. The discussion 
for the general G requires only notational changes. The genus case is spelled out 
explicitly in [HI Appendix A]. The higher genus case is similar. 

Let ^ = ((7i, (7„) be a /3- admissible vector. There are evaluation maps 

evi:%g,n{9,l3f ^I{9)g^, 

where I{9)g, is a component of the rigidified inertia stack /(S) = Ugg^^7(S)g. Although 
the evaluation maps evi do not take values in /S, as explained in [3], Section 6.1.3, one 
can still define a pull-back map at cohomology level, 

ev* : H*{c,g^,q) ^ H* {%g^n{'5, M- 

Given 5i G -fr*(Sgi,Q) for 1 < i < n and integers /cj > 0, 1 < i < n, one can define 
descendant orbifold Gromov-Witten invariants 

„ n 

where 'i/'i are the pullback of the first Chern classes of the tautological line bundles over 
M g^n{X, 13) (which by abuse of notation we also denote by 'ipi). 
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For classes 5i G H*{^g^,Q), set 6i = (e*.)~^((5j). Descendant Gromov-Witten in- 
variants {Si'ijj'l'^ , ■ ■ ■ 5 '^nV'n")o'n /3 °^ similarly defined. Theorem 16.81 implies the 
following comparison result. 

Theorem 7.1. 

Moreover, if g is not admissible, then the Gromov- Witten invariants of 9 vanish. 

Proof. Denote by evi : Mg^n(X, (3) — )• X the i-th evaluation map. Using the definition 
of ev* one can check that ev*{5i) = p*ev*{6i). Note also that p*^pi = tpi. Thus using 
Theorem 16.81 we have 

= [ fifevum-' 

^[3<:<,,„(g,/3)9]-'-^^i 

~ n 

« n 

J[M,,,{XM'"'- i=i 

□ 

7.2. Decomposition of Gromov Witten theory. In the following we use complex 
numbers C as coefficients for the cohomology. For a G H* (X, C) and an irreducible 
representation p of G, we define 

where xp is the character of p. The map (a, p) i— ?• Qp clearly defines an additive isomor- 
phism 

(71) ^ H*{X\p]C,H*{I9,C), 

lp]eG 

where G is the set of isomorphism classes of irreducible representations of G, and for 
[p] G G we define H*{X)ip^ := H*{X,C)- 

Theorem 17.11 together with orthogonality relations of characters of G implies the 
following 

Theorem 7.2. Given ai, ...,an G H*{X,Q) and integers ki, kn > 0, we have 

^^r'^-'{a^^p'l\... ,«nVi^)^„,^Xp(exp( '^-^^"^^^ )) zf p, = p, = ... = p^ =: p, 
I otherwise . 

(Recall that a G H'^{X,pr) is the class of the gerbe S — t- X.) 
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Proof. By our definition we have 



gi,...,g„£^ir i=l i=l 

The term associated to g := {gi,---,gn) in the above sum vanishes unless g is an ad- 
missible vector. This implies that HILi 5* ~ exp(^^^-^^ ^~^^°^^^ ). We rewrite this as 
g~^ = exp( "^^v^(Q!n/3) Y[^~l gi. Substitute this into above equation and use Theorem 
Oto get 

(aipiV'lS"-,anp„V'n")g,n,/3 

=r''-' E Xp„(exp( -^"^("^^^ )) rnx,,(,ri)Xpj5.)) ^(11 

gi,...,3„_l6Atr \i=l / j=l 

Applying the orthogonality condition 



we find 



r 

The result follows. □ 

We now reformulate this in terms of generating functions. Let 
{4>i\\<i< ranki?*(X,C)} C H*{XX) 
be an additive basis. According to the discussion above, the set 

Hip \l<i< TankH*{X, C)}, [p] E G 

is an additive basis of i7*(/9,C). Recall that the genus g descendant potential of 9 is 
defined to be 

9'g({iipj}l<j<i.ank_ff*(X,C),peGj>0' ^) 
C''^) S n>o,f3eH2(x,z) TJ' T\k=l'^ikPk,jkiY[k=l 'i'ikPk'^k'^l,n,l3- 

il,...,in;pl,...,pn;jl,---,jn 

The descendant potential 3"g is a formal power series in variables tipj, 1 < i < rankH* {X, C), p G 

G,j > with coefficients in the Novikov ring C[[A^£'(X)]], where NE{X) is the Mori 
cone of the coarse moduli space of S. Here are formal variables labeled by classes 
(3 G NE{X). See e.g. [38] for more discussion on descendant potentials for orbifold 
Gromov-Witten theory. 

Similarly the genus g descendant potential of X is defined to be 

(73) 3"x({**j}l<j<ranki?*(V,C)j>0; Q) := E 11 J* ^11 "^^fc "^fc^ ^O^^.-S' 

n>o,peH2(x,z) k=l k=l 
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The descendant potential 3"^ is a formal power series in variables tij, 1 < i < vankH* {X, C),j > 
with coefficients in C[[A^-E(X)]] and is (again) a formal variable. Theorem 17.21 may 
be restated as follows. 

Theorem 7.3. 

3'g({ijpj}l<j<ranA;_ff*{X,C),peG,j>0' ^) ^ ''^^ ^ ^ 3^x({'^ip,j}l<i<rankH*(X,C),j>0i Q p)^ 

lp]eG 

where Qp is defined by the following rule: 



r 

and Xp is the character associated to the representation p. 

Theorem 17.31 confirms the decomposition conjecture for genus g Gromov-Witten the- 
ory of S- 

Appendix A. A few useful facts about degree of morphisms 

We want to characterize the degree of proper and quasi-finite morphisms of algebraic 
stacks in terms of number of points in the generic geometric fibers. Let / : X — t- ^ be 
a separated quasi-finite dominant morphism between Deligne-Mumford stacks with y 
integral. Then according to [39] its degree is given by 

(74) deg(X/y) = M [K(X):i^(y)], 

where 6X := deg(/X/X), 5^ := deg(/V/'y). If / : X — V is representable, then the 
degree of the field extension [K(X) : K^^)] is equal to the number of points counted 
with multiplicity in the generic geometric fiber. A similar characterization can be given 
in the general case for a representable morphism / : X — t- y canonically determined by 
/ as described below. Let X and y be algebraic stacks. Let / : X — t- y be a morphism 
locally of finite presentation such that the relative inertia 

Ker(/(X)^r/(y))~XxxxyxX 

is finite. Then in [5] it is proved that there exists a factorization of / 

(75) XAX^V, 
called the relative coarse moduli space, such that 

(1) / is representable; 

(2) TT is proper and quasi-finite; 

(3) TT.Ox = 0^, 

(4) for any X — t- X' — t- ^ with /' representable there is a unique morphism /i : X' — t- X 
such that tt' = ho TT and f = f o h. 

Moreover the formation of the relative coarse moduli space commutes with fiat base 
change and, if / is tame, with arbitrary base change. 

We observe that 7r*/^(X) = K{X) if X is reduced. Indeed K{X) is the ring of mor- 
phisms X — )• defined over an open dense substack. For any such a morphism there is 
a factorization X — )■ X — )• X — )• Ah, where X is the absolute coarse moduli space of X. 
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Since we work over the complex numbers and / : X — )• y is a representable morphism 
[K(X) : can be computed as the number of points (weighted by the geometric 

multiplicity) in a generic geometric fiber. 
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